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Abstract
n-symplectic geometry, a generalization of symplectic geometry on the cotangent
bundle T ∗M of a manifold M , is formulated on the bundle of linear frames LM us-
ing the Rn-valued soldering 1-form as the generalized n-symplectic potential. In this
paper we use n-symplectic geometry on LRn to formulate a quantization scheme for
a single particle moving in Rn. By retaining the essence of the standard axioms for
quantization on T ∗Rn, but adapting them to LRn, we show it is possible to construct
a full polynomial quantization that is consistent with the Schro¨dinger representation
on a 2n-dimensional subbundle of LRn.
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1 Introduction
The ”no go” theorems of Groenwold [5] and Van Hove [8] show that it is impossible to
construct a quantization theory on T ∗Rn ∼= R2n, the phase space of a single particle moving
in Rn, that is consistent with the Schro¨dinger representation. In 1946 Groenwold [5] proved
it is impossible to quantize all polynomials of qi and pj, the canonical coordinates of R
2n,
in a way consistent with the Schro¨dinger representation. A few years later in 1951, Van
Hove [8] proved that it is impossible to quantize C∞(R2n) consistent with the Schro¨dinger
representation. This problem has persisted until today and is a subject of study by many
authors 3.
In this paper we address the question of whether it is possible to construct a quantization
scheme for a single particle moving in Rn by replacing the underlying symplectic geometry
on T ∗Rn with a covering geometry. Specifically we propose to use n-symplectic geometry
on the bundle of linear frames LRn in place of symplectic geometry on T ∗Rn. n-symplectic
geometry on the bundle of linear frames LM of an n-dimensional manifold M uses the Rn-
valued soldering one form θˆ as a globally defined n-symplectic potential [9, 10, 11, 12]. Using
the fact that the cotangent bundle T ∗M of an n-dimensional manifold M can be considered
as the bundle Rn∗ ×GL(n) LM associated to LM , it is not difficult to see that the canonical
R-valued symplectic 1-form on T ∗M can be defined in terms of the soldering 1-form θˆ on
LM , and that the allowable n-symplectic observables on LM pass to the quotient to define
the polynomial observables of symplectic geometry on T ∗M [10]. In this sense n-symplectic
geometry on LM may be considered as a covering geometry for symplectic geometry on
T ∗M . A brief summary of n-symplectic geometry is presented in section 2.
We take the approach that Dirac’s “Poisson bracket → commutator” quantization rule
is correct, but symplectic geometry is inadequate to handle a full quantization. Thus we
study Hilbert space based quantizations using n-symplectic geometry. We focus on the
n-symplectic manifold LRn, the frame bundle of Rn. The natural observables on any n-
symplectic manifold (LM, dθ) are ⊗pRn-valued functions that split naturally into two
independent classes, namely symmetric Hamiltonian functions SHF and antisymmetric
Hamiltonian functions AHF . We first show that one may define a full polynomial quanti-
zation of the Poisson algebra of symmetric n-symplectic polynomials in SHF that satisfies
all the standard quantization axioms except that the basic algebra for the quantization map
is not transitive on LRn. To remedy this we reduce the theory to a certain 2n-dimensional
subbundle B1 on which the basic algebra for the quantization map is transitive. We show
that the full n-symplectic polynomial algebra on LRn reduces to a reduced n-symplectic
polynomial algebra on B1 that satisfies all the axioms of Hilbert space based quantization.
Hence, there is no obstruction to quantizing B1 ⊂ LR
n.
The structure of the paper is as follows. In Section 2 we present the necessary background
materials on n-symplectic geometry, n-symplectic momentum maps and the Hilbert space
we will use for quantization. In section 3 n-symplectic quantization is defined and in section
4 we derive the basic set needed to quantize LRn. Section 5 contains a direct comparison of
the Poisson algebras of polynomials on T ∗Rn and LRn in order to better understand why
symplectic quantization fails while n-symplectic quantization succeeds. Section 6 contains
the main results of the paper, namely two explicit polynomial quantizations on LRn. Section
7 contains concluding remarks and suggestions for future work.
It is convienient introduce some notation used throughout this paper.
• L2(M) denotes square integrable functions of a manifold M .
• LM is the bundle of linear frames of a manifold M .
3See the review article on obstructions to quantization by Gotay [4].
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• ⊗s denotes symmetric tensor product.
• ⊗psR
n denotes repeated symmetric tensor product of Rn, ⊗psR
n = Rn⊗s . . .⊗s︸ ︷︷ ︸
p times
Rn
• We will use the multi-index notation f Ip = f i1...ip .
• A multi-index on πˆk, qˆ
i
j , or rˆk denotes repeated symmetric tensor products over mul-
tiple indicies: qˆIaJb = qˆ
i1
j1
⊗s . . .⊗s qˆ
ia
jb
.
• Parenthesis around indicies means symmetrize the indicies.
• Denote the set of smooth vector fields on a manifold M by χ(M).
2 Background Material
2.1 The Canonical n-Symplectic Manifold LM
In symplectic geometry the canonical symplectic manifold is P = T ∗M , the cotangent bundle
of a manifold M. The symplectic structure, in local symplectic coordinates (qi, pj), is given
by the differential of the canonical one form θ˜ = pjdq
j . To each observable f ∈ C∞(T ∗M)
one assigns a Hamiltonian vector field by the structure equation
df = Xf dθ˜
Each symplectic coordinate is C∞ and hence is an allowable observable for T ∗M . The
corresponding Hamiltonian vector fields are
Xqi = −
∂
∂pi
, Xpj =
∂
∂qj
Definition 1 An n-symplectic manifold is a manifold P together with an Rn valued non-
degenerate two form ω = ωirˆi. Here {rˆi} is the standard basis of R
n.
An equivalent definition for a polysymplectic manifold is given by Gunther [7]. For n-
symplectic geometry the canonical n-symplectic manifold is P = LM , the linear frame
bundle of an n dimensional manifold M . Points in LM are pairs (m, ei) where m ∈ M
and ei, i = 1 . . . n, denotes a linear frame for the tangent space TmM of the n-dimensional
manifold M . Define coordinates on LM in the standard way. Let (q˜i, U) be a chart on M
and π : LM →M the standard projection to M. For a point (m, ei) ∈ π
−1(U) ⊂ LM define
coordinates (qi, πij) by q
i(m, ei) = q˜
i(m) and πij(m, ek) = e
i(∂/∂q˜j|m). The n-symplectic
structure is given by the differential of the Rn valued soldering one form θ = θirˆi defined
by θ(m, ei)(X) = e
i(dπ(X))rˆi for X ∈ T(p,ei)LM . In local coordinates θ = θ
irˆi = π
i
jdq
j rˆi.
Here the similarity with symplectic geometry starts to differ. The set of observables
are ⊗pRn valued functions on LM . Moreover, the observables are not all of C∞(LM)
but rather are, locally, polynomials in the momenta πij with coefficients in C
∞(M). The
observables split naturally into symmetric tensor valued Hamiltonian functions, SHF , and
totally antisymmetric tensor valued Hamiltonian functions, AHF [9]. For the remainder of
this paper we will consider only SHF leaving the antisymmetric case to a future work. On
LM, all ⊗psR
n valued functions, for which there exists a ⊗p−1s R
n valued Hamiltonian vector
field, are denoted SHF p. An element fˆ ∈ SHF p has the form fˆ = fˆ i1...ip rˆi1⊗srˆi2⊗s· · ·⊗srˆip
and will be denoted by the abbreviated notation fˆ = fˆ Ip rˆIp . Following [9] we assign to each
3
fˆ ∈ SHF p an equivalence class [X
fˆ
] of ⊗p−1s R
n valued Hamiltonian vector fields by the
structure equation
dfˆ Ip = −p!X
(Ip−1
fˆ
dθip) (1)
The equivalence class of ⊗p−1s R
n valued vector fields defined by this equation is denoted by
[X
fˆ
] = [XIp−1 rˆIp−1 ]. Although the assignment of Hamiltonian vector fields to observables is
unique for rank p = 1, the symmetrization of the indices in (1) introduces a degeneracy that
results in the equivalence classes for ranks p > 1. In local (qi, πjk) coordinates, the vector
fields can be written for fˆ ∈ SHF p as
X
Ip−1
fˆ
=
1
p− 1!
∂fˆ Ip−1b
∂πba
∂
∂qa
−
(
1
p!
∂fˆ Ip−1a
∂qb
+ T
Ip−1a
b
)
∂
∂πab
(2)
where the vertical components T
Ip−1a
b
∂
∂pia
b
must satisfy T
(Ip−1a)
b = 0 but are otherwise arbi-
trary. The equivalence classes of Hamiltonian vector fields generated by SHF form a Lie
Algebra relative to the bracket defined in [9] as follows. For fˆ ∈ SHF p and gˆ ∈ SHF q,
define the bracket of their corresponding Hamiltonian vector fields by
[[X
fˆ
], [Xgˆ]] = [[X
Ip−1
fˆ
rˆIp−1 ], [X
Jq−1
gˆ rˆJq−1 ]]
def
= [X
Ip−1
fˆ
, X
Jq−1
gˆ ]rˆIp−1 ⊗s rˆJq−1
The bracket on the far right hand side is the ordinary Lie bracket of vector fields, and X
Ip−1
fˆ
and X
Jq−1
gˆ are arbitrary representatives of the equivalence classes [X
Ip−1
fˆ
] and [X
Jq−1
gˆ ]. The
symmetrization on the upper indices in the bracket destroys the non uniqueness making the
bracket independent of choice of representative.
These vector fields also preserve the n-symplectic form.
lemma 1 Let gˆ ∈ SHF q and [X
Jq−1
gˆ ] the corresponding Hamiltonian vector field. This
vector field preserves the n-symplectic form dθ in the sense that,
L
X
(Jq−1
gˆ
dθi) = 0
Proof
The Lie derivative of forms satisfies the familiar relation
LXω = X dω + d(X ω)
Therefore we have
L
X
(Jq−1
gˆ
dθi) = X
(Jq−1
gˆ d(dθ
i)) + d(X
(Jq−1
gˆ dθ
i)) = 0
The last relation reduces to zero since X
(Jq−1
gˆ dθ
i) = − 1
q!dg
Jq and d2 = 0. 
In contradistinction to the situation on T ∗M , the local coordinates of LM are no longer
observables. Each observable must be ⊗psR
n valued. The local coordinates define the fol-
lowing basic observables:
qi → qˆij
def
= qirˆj (3)
πak → πˆk
def
= πak rˆa (4)
The corresponding Hamiltonian vector fields are
Xqˆi
j
= −
∂
∂πji
, Xpˆik =
∂
∂qk
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These are not the only observables that can be construct from the coordinate functions.
In fact one can create observables from the coordinates, one for each SHF p, p ≥ 1. For
example, qirˆj , q
irˆj ⊗s rˆk, q
irˆj ⊗s rˆk ⊗s rˆl, etc. are all different observables created from the
coordinate qi.
2.2 The Poisson Bracket on LM
The Poisson bracket on LM plays a fundamental role in our discussion. We define the
Poisson bracket of two symmetric Hamiltonian functions as follows:
Definition 2 Let fˆ ∈ SHF p and gˆ ∈ SHF q. Then {fˆ , gˆ} ∈ SHF p+q−1 where {., .} is
defined by
{fˆ , gˆ} = p!X
(Ip−1
fˆ
(gˆJq))rˆIp−1 ⊗s rˆJq
Here X
fˆ
is any representative of the equivalence class of symmetric Hamiltonian vector
fields of fˆ .
In [9] it is shown that this bracket is independent of choice of representative and hence well
defined. The bracket is also anti-symmetric and satisfies the Jacobi identity. It is interesting
to note that the bracket so defined is the linear frame bundle version of the Schouten-
Nijenhuis bracket of symmetric tensor fields on M [11] when restricted to homogeneous
elements
The Poisson bracket in n-symplectic geometry is linked to the bracket of Hamiltonian
vector fields in a fashion similar to what occurs in symplectic geometry. The following
theorem is an extension [1] of the corresponding result in [9]. The proof is essentially the
same as the proof in [9] and will be omitted.
Theorem 1 Let fˆ ∈ SHF p and gˆ ∈ SHF q then the Hamiltonian vector fields satisfy the
relation
CX{fˆ ,gˆ} = [Xfˆ , Xgˆ]
The square bracket is the one defined in section 1 and C = (p+q−1)!
p!q! .
The n-symplectic Poisson bracket and the bracket of equivalence classes of Hamiltonian
vector fields are independent of choice of equivalence class. Hence we will no longer empha-
size the equivalence class and simply refer to a representative X
fˆ
. Finally we point out the
bracket relation
{SHF p, SHF q} ⊂ SHF p+q−1 (5)
Both this relation and the arbitrariness in the definition of the n-symplectic Hamiltonian
vector fields will play fundamental roles in the discussion of ideal quantization presented in
section 6.
REMARK: For the rest of this paper we will use an n-symplectic Poisson bracket that
differs by a minus sign from the definition 2 above. We do this in order to allow easy
comparison of symplectic and n-symplectic formulas. In particular, modifying the definition
2 with a minus sign leads to the formula {qˆij , πˆk} = δ
i
k rˆj rather than {qˆ
i
j , πˆk} = −δ
i
krˆj .
2.3 Momentum Mappings
A generalization of the momentum mapping on T ∗M to n-symplectic geometry will be useful
for calculating basic sets which will be defined in a later section. Following [10] one may
define a momentum map for n-symplectic geometry.
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Definition 3 Let Φ : G × LM → LM be an n-symplectic action of a Lie group G on
(LM, dθ). The mapping J : LM → G∗ ⊗ Rn is a momentum mapping if for each ξ ∈ G
dJˆ(ξ) = −ξ
LM
dθ
where ξ
LM
is the infinitesimal generator of the action of G on LM generated by ξ, and
Jˆ(ξ) : LM → Rn is defined by
Jˆ(ξ)(u) =< J(u), ξ >
The inner product < ., . > is the natural extension of the one on G × G∗.
< ξ, ξ∗ ⊗ rˆj >=< ξ, ξ
∗ > ⊗rˆj
Similar to symplectic momentum maps, if {ξi} is a basis of G let {Ji} be the ⊗
pRn valued
Hamiltonian functions for (ξi)LM . Define Jˆ by Jˆ(ξi) = Ji. This gives a n-symplectic
momentum map J with components Ji.
2.4 Hilbert Spaces
The quantization we will define is a general Hilbert space based quantization. In this section
we will define the Hilbert spaces needed to discuss the properties of the operators of these
quantizations. Before we define the new Hilbert spaces we mention the standard Hilbert
spaces for some quantizations of T ∗Rn. For the metaplectic quantization [4] the Hilbert
space is the set of all measurable complex valued square integrable functions of Rn. The
Hilbert space of measurable complex valued square integrable functions of M is standardly
denoted by L2(M,C). For the Van Hove prequantization [8] the Hilbert space is essentially
L2(R2n,C). The measure in both cases is the one induced by the canonical volume form.
To describe the appropriate Hilbert spaces for LRn we first need to describe an integral
for LM . The volume for LM is given by dV = ∆(ω) ∧ (θ)n, where ω is a torsion free
connection on LM and θ is the soldering one-form. Let ωij be the associated one-forms to
ω. Define ∆(ω)
def
= ω11 ∧ ω
2
1 ∧ · · · ∧ ω
n−1
n ∧ ω
n
n and (θ)
n def= n!θ1 ∧ · · · ∧ θn. This definition of
dV is independent of choice of connection[2]. For the simple frame bundle LRn a judicious
choice of connection gives a more familiar volume dV = dq1dq2 · · · dqndπ11dπ
1
2 · · · dπ
n
n . We
have suppressed the wedge products in the previous and following equation. For the given
volume on LRn we make the following definitions.
Definition 4 L2(LRn,C) is the Hilbert space of measurable square integrable functions from
LRn to C. Let φ, ψ ∈ L2(LRn,C) then the inner product is defined by
< φ,ψ >=
∫
φψ¯dV
Definition 5 For each p ≥ 1 we define a Hilbert space Hp = {ψIpzIp |ψ
Ip ∈ L2(LRn,C)}.
Here zi is the standard basis for C
n. Let φ, ψ ∈ Hp then the inner product is defined by
< φ,ψ >=< φIpzIp , ψ
IpzIp >=
∑
Ip
< φIp , ψIp >
Definition 6 The Hilbert space H is the completion of the direct sum H˜ of Hp for all p.
H˜ =
∞⊕
p=1
Hp
The inner product is the standard inner product for a direct sum.
< ⊕∞p=1ψ
Ip ,⊕∞q=1ψ
Iq >=
∞∑
p=1
< φIp , ψIp >
For each ψ ∈ H there will be only finitely many non-zero terms, so this inner product is
well defined.
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3 Definition of n-Symplectic Quantization
The definition of n-symplectic quantization we give below is modeled on symplectic quan-
tization. We follow the definition of a symplectic quantization given in [4] restricted to the
specific symplectic manifold T ∗M . A detailed explanation of the motivation behind each
condition is given in [4]. We choose this definition as it is independent of quantization
method.
Let M be an n dimensional manifold. Then (LM, dθ) is an n-symplectic manifold.
Definition 7 A prequantization of a Lie subalgebra O of SHF is a linear map Q where Q
takes observables f ∈ O to symmetric operators on a dense domain D of a Hilbert space H
such that the following hold:
(1) Q({f, g}) = i
~
[Q(f),Q(g)]
(2) If rˆi ∈ O then Q(rˆi) = ci. The constants ci are complex numbers.
(3) If the Hamiltonian vector field Xf of f is complete, then Q(f) is essentially self-adjoint
on D.
Here {., .} denotes the n-symplectic Poisson bracket discussed in section 2.
Definition 8 An n-symplectic basic set of observables on LM consists of a pair (B, b )
where B is a subbundle of LM and b is a Lie subalgebra of SHF such that:
(4) b is finitely generated,
(5) the Hamiltonian vector fields Xf , f ∈ b are complete,
(6) b is transitive and separating on B , and
(7) b is a minimal Lie algebra satisfying these requirements.
A set of functions F on an n-symplectic manifold LM is transitive on a subbundle B of
LM if {Xf |B|f ∈ F} span B . We say a set of functions separates points on a subbundle B
if for x 6= y ∈ B there exists an f ∈ F such that f(x) 6= f(y).
Definition 9 A quantization on a subbundle B ⊂ LM is a prequantization (b,Q) such that
for the basic set (B, b) :
(8) Q(b) acts irreducibly on H,
(9) Q|b is faithful, and
(10) D contains a dense set of separately analytic vectors for Q(b).
Separately analytic has the same meaning here as it does for the symplectic quantization
since it is defined in terms of operators.
A quantization is said to be a full quantization if O = SHF .
Definition 10 P (b) is the polynomial algebra for a basic set b.
A quantization is said to be a full polynomial quantization if O = P (b).
4 Basic Sets for LRn
Before we compute basic sets for LRn and certain subbundles of LRn we review the basic
set for the cotangent bundle of Rn. In [4] the basic set for T ∗Rn is the Heisenberg algebra
b2n ⊆ C
∞(Rn)
b2n = span{q
i, pj , 1} ∼= h(2n) (6)
This basic set consists of the span of the components of the momentum map created by the
action of Heisenberg group H(2n) acting on R2n[6]. This is the basic set needed for the
Schro¨dinger representation.
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Recall the technique mentioned at the end of section 2.3. If {ξi} is a basis of G let {Ji}
be the ⊗pRn valued Hamiltonian functions for (ξi)LM . Define Jˆ by Jˆ(ξi) = Ji. This gives
a n-symplectic momentum map J with components Ji. This is the procedure we outline
below. Before we begin recall also that LRn ∼= Rn × Gl(n) and we have a global chart
from LRn → Rn × Gl(n) given by the coordinates (qi, πij). To compute the n-symplectic
momentum map needed to construct the basic set for the frame bundle LRn we define a
new group.
Definition 11 Define the group
H(LRn) = X (LRn)×n S1
with product
(u1, z
1, . . . , zn) · (u2, w
1, . . . , wn) = (u1 + u2, z
1w1exp(
i
2
A1), . . . , znwnexp(
i
2
An))
In the above equation Ak = dθk(u1, u2) evaluated at the identity (0, I).
For every element (u, ~z) we have the inverse (−u, ~z−1). Notice the similarity to the Heisen-
berg group H(2n). Given this similarity and following Guillemen and Sternberg [6] (section
15) we may identify the Lie algebra h(LRn) of this group with X (LRn)×nR = X (LRn)×Rn.
The bracket for the Lie algebra is
[(u1, ~v), (u2, ~w)] = (0, dθ
1(u1, u2), . . . , dθ
n(u1, u2)) = (0, dθ
i(u1, u2)rˆi)
Now we are ready to compute the components of the n-symplectic momentum map for
H(LRn) acting on LRn. Identify LRn with a subset of h(LRn) by qirˆj → qˆ
i
j → (Xqˆij , 0),
πjk rˆj → πˆk → (Xpˆik , 0). Also identify the identity rˆk → (0, rˆk) and letH(LR
n) act on h(LRn)
via the adjoint action. For the elements ξ = ξcr qˆ
r
c + ξ
lπˆl, m = m
b
aqˆ
a
b +m
kπˆk ∈ h(LR
n)
ξ
LRn
(m) = [ξ,m] = (0, dθi(ξ,m)rˆi) = dθ
i(ξ,m)rˆi = (ξ
b
am
a −mbl ξ
l)rˆb (7)
Given the above identification, a basis for h(LRn) is {qˆij, πˆk, rˆk} → {Xqˆij , Xpˆik , rˆk}. Using
(7) we compute the infinitesimal generators of the basis, (qˆij)LRn =
∂
∂pˆi
j
i
, (πˆk)LRn =
∂
∂qˆk
, and
(rˆk)LRn = 0. The components of the momentum map are the Hamiltonian functions for
these infinitesimal generators:
Jab = qˆ
a
b , Jk = πˆk, Jj = rˆj
We choose for an n-symplectic basic set on LRn the pair (LRn, bL) where bL is the span of
the components of this n-symplectic momentum map.
bL = span{qˆ
i
j, πˆk, rˆj}
∼= h(LRn) (8)
This is the analogue of the Heisenberg algebra for LRn. The non-zero Poisson brackets are
{qˆij , πˆk} = δ
i
k rˆj
From the bracket we see bL is a subalgebra of SHF . The Hamiltonian vector fields for the
generators of the subalgebra bL are Xpˆik =
∂
∂qk
, X
qˆ
j
k
= − ∂
∂pik
j
, and Xrˆk = 0. The integral
curves of these vector fields are linear and hence defined for all time. The set bL is finitely
generated and since qi and πij are global coordinates on LR
n they separate points. Likewise
their Hamiltonian vector fields span T (LRn). Thus bL is indeed a basic set for LR
n. The fact
that we get the “hatted” versions of the coordinates instead of the coordinates themselves
is a consequence of the fact that all observables on LRn must be Rn valued.
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The fundamental n-symplectic observables defined by the coordinate functions qi and
πjk are the vector-valued functions qˆ
i
j = q
irˆj and πˆk = π
l
k rˆl. If we consider the set of all
polynomials in qˆij and πˆk then the coordinate functions q
i are repeated n-times as the index
j on qˆij runs from 1 to n. To eliminate this multiplicity we consider a smaller n-symplectic
basic set (B1, b1) where B1 is the subbundle of LR
n defined as follows. Let ui, i = 1 . . . n
denote the standard coordinates on Rn that induce the corresponding global chart (qi, πjk)
on LRn. Then B1 is the slice of the coordinate system (q
i, πjk) obtained by setting
πAj (u) = δ
A
j , A = 2, 3, . . . , n , j = 1, 2, . . . , n (9)
for all u ∈ B1. It is straight forward to show that B1 consists of points of the form (p, ei)
where p ∈ Rn and the frame (ei) at p is given by
e1 = α
∂
∂u1
, eA =
∂
∂uA
|p + µA
∂
∂u1
|p (10)
where α 6= 0 and (µA) ∈ R
n−1.
The coordinates πij transform under right translation by π
i
j(u · g) = (g
−1)ikπ
k
j (u). Using
this fact it is easy to see that the structure group of this bundle is the subgroup of all
GL(n) elements of the form g =

 a ~b
~0 I

 where a 6= 0, ~b ∈ Rn−1, ~0 is the (n x 1)
zero column vector, and I is the (n-1)x(n-1) identity matrix. The group multiplication is
(a1,~b1) · (a2,~b2) = (a1a2, a1~b2 +~b1) and hence G1 is the semi-direct product of the non-zero
reals R∗ with Rn−1.
For the subalgebra b1 we choose
b1 = spanR{q
irˆ1, πˆk, rˆ1} (11)
Using the bracket relation {qˆij, πˆk} = δ
i
krˆj it is easy to verify that b1 is a Lie subalgebra of
bL. Moreover, by comparing (6) and (11) it is clear that b1 is isomorphic to the Heisenberg
algebra.
REMARK: We note that the n-symplectic basic set (B1, b1) is not unique. For example
there are n-1 similar subbundles B2, B3, . . . , Bn and subalgebras b2, b3, . . . , bn, obtained
by choosing the n-1 other possible (n-1) x (n-1) identity submatrices to define the slice
of (qi, πjk). Moreover, each of these 2n-dimensional submanifolds is in fact a symplectic
manifold, as can be seen as follows. Consider for example subbundleB1. Let i : B1 → LR
n
denote the inclusion map. The coordinates on B1 are (Q
i, Pk) where Q
i = qi ◦ i and
Pk = π
1
k ◦ i. Then the n-symplectic 2-form dθˆ takes the following form on B1:
i∗(dθˆ) = i∗(dπij ∧ dq
j)rˆi = i
∗(dπ1j ∧ dq
j)rˆ1 = (dPj ∧ dQ
j)rˆ1 (12)
We will show in section 6 that these subbundles are also n-symplectic manifolds.
5 Comparison of the Poisson Algebra of Polynomials
for T ∗Rn vs LRn
The existence of a “no-go” theorem for T ∗Rn and the absence thereof for LRn stems from
the difference in their Poisson algebras, as we will see in a later section. In this section we
explicitly show the differences in the algebras.
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5.1 The Polynomial Algebra P (b2n)
Recall the basic set b2n = span{q
i, pj , 1} ⊆ C
∞(Rn) for T ∗Rn from equation (6). Then
P (b2n) is just the set of polynomials of the variables (q
i, pj), and the bracket is the standard
Poisson bracket for T ∗Rn.
Computing a few important Poisson brackets we see
{qi, pj} = δ
i
j
{(qi)a, (qj)b} = 0
{(pi)
a, (pj)
b} = 0
{(qi)2, (pj)
2} = 4δijq
ipj
{(qi)3, (pj)
3} = 9δij(q
i)2(pj)
2
{(qi)2pb, q
a(pj)
2} = 3δab (q
i)2(pj)
2 (13)
The notations (qi)a and (pj)
a denote a-fold products in the underlying commutative algebra
P (b2n). The last two relations are the Poisson relations that lead to the Groenwold obstruc-
tion. Notable subalgebras of P (b2n) are polynomials of degree two or less and the affine
subalgebra, which is the subalgebra of all polynomials linear in pj . The Poisson algebra
P (b2n) has no non-trivial ideals and satisfies
[P (b2n), P (b2n)] = P (b2n)
5.2 The Polynomial Algebra P (b1)
Recall from equation (11) that b1 = span{qˆ
i
1, πˆk, rˆ1} and consider the Poisson algebra P (b1)
with bracket defined in section 2.2. Elements of P (b1) are polynomials of (qˆ
i
1, πˆk, rˆ1) and
hence are ⊗ms R
n valued functions on LRn, m being the degree of the polynomial. A typical
monomial looks like qˆIn1n πˆKm rˆ1l ∈ SHF
n+m+l. Here the multiplication is the symmetric
tensor product. For example, qˆi1πˆk ≡ qˆ
i
1 ⊗s πˆk, and rˆ1n =
n times︷ ︸︸ ︷
rˆ1 ⊗s · · · ⊗s rˆ1.
Using the n-symplectic Poisson bracket defined in section 2.2 we compute (see the ap-
pendix) some relevant brackets.
{qˆi1, πˆj} = δ
i
j rˆ1
{qˆi, πˆj πˆk} = δ
i
j πˆk rˆ1 + δ
i
kπˆj rˆ1
{qˆiqˆj , πˆk} = (q
iδjk + q
jδik)rˆ1rˆ1
{(qˆi1)
a, (qˆjl )
b} = 0
{(πˆi)
a, (πˆj)
b} = 0
{(qˆi1)
2, (πˆj)
2} = 4δij qˆ
i
1πˆj rˆ1
{(qˆi1)
3, (πˆj)
3} = 9δij(qˆ
i
1)
2(πˆj)
2rˆ1
{(qˆi1)
2πˆb, qˆ
a
1 (πˆj)
2} = 3δab (qˆ
i
1)
2(πˆj)
2rˆ1 (14)
Notice the similarity to the symplectic Poisson brackets above. The main difference is
the ⊗psR
n valued rank. We also have for any two polynomials fˆ , gˆ ∈ P (bL)
{fˆ ⊗Iks rˆ1k , gˆ ⊗
Jl
s rˆ1l} = {fˆ , gˆ} ⊗
Mk+l
s rˆ1k+l
The multi-index Mk+l is (Ik, Jl).
Definition 12 For each λ ≥ 1 we denote by SPFλ the span over R of monomials of the
form qˆIn1n πˆKm rˆ1l ∈ SHF
λ where λ = n+m+ l.
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SPFλ, the subspace of symmetric homogeneous polynomial functions in qˆi1, πˆj and rˆ1 of
n-symplectic rank λ, is a subset of SHFλ, the symmetrical Hamiltonian functions of rank
λ. Let P k = ⊕∞j=kSPF
j . Then it is clear that P (b1) = ⊕
∞
k=1SPF
k and SPF 1 = b1. Hence
P (b1) = b1 ⊕ P
2 where P 2 = ⊕∞k=2SPF
k (15)
Moreover, because of equation (5) we have
{SPF k, SPF l} ⊂ SPF k+l−1 (16)
As a result P 2 is a Lie ideal in the n-symplectic algebra P (b1). In fact (16) implies that
each P k is a Lie ideal for k ≥ 2.
6 Go theorem for L(Rn)
Theorem 2 There exists a full polynomial quantization of the polynomial algebra P (b1) on
the subbundle B1 of LR
n.
We prove this existence theorem by giving two examples. We work initially on LRn, and
then show how the results descend to the subbundle B1 to define a proper quantization.
In the previous section we showed that
P (b1) = b1 + P
2
where + represents semi-direct sum with bracket given by
{(ξ1, η1), (ξ2, η2)} = ({ξ1, ξ2}, {ξ1, η2} − {ξ2, η1}+ {η1, η2}}
Thus we can obtain a full quantization of P (b1) by quantizing b1 and setting Q(P
2) = 0.
This is the approach taken by Gotay [4] when he exhibited a quantization of T ∗R+. We
quantize b1 using the following standard Schro¨dinger quantization:
Q(qˆi1) = q
i (17)
Q(πˆk) = −i~
∂
∂qk
(18)
Q(rˆ1) = 1 (19)
It is clear that this map satisfies the definition of a prequantization. The Hilbert space is
L2(Rn,C) and the domain is the Schwartz space of all C∞ rapidly decreasing functions.
The quantization of b1 is faithful and is the Schro¨dinger representation. Irreducibility of
Q(b1) follows from the fact that the Schro¨dinger representation {q
i, ∂
∂qk
} is irreducible on
L2(Rn,C). Likewise the operators Q|b1 are essentially self adjoint on D. Moreover it is
known that the Hermite polynomials form a dense set in D of separately analytic vectors
for the Schro¨dinger representation.
Finally we must address the fact that the subalgebra b1 is transitive on the subbundle B1
and does not span all of LRn. We need to reduce the quantization scheme to a quantization
scheme on the subbundle B1. Let i : B1 → LR
n denote the inclusion mapping.
Theorem 3 The pull-back of the n-symplectic polynomial algebra P (b1) to the subbundle B1
under the inclusion mapping is an n-symplectic algebra with respect to the pull-back i∗(dθˆ)
of the canonical n-symplectic form dθˆ on LRn.
Proof
Let P˜ (b1) = i
∗(P (b1)). Assume that the restrictions of all Hamiltonian vector fields X
I
fˆ
to points of B1 for all elements fˆ ∈ P (b1) are tangent to B1. Thus for fˆ ∈ P (b1) and for
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u ∈ B1 we write X
I
fˆ
(i(u)) = i∗(X˜
I
fˆ
(u)) where X˜I
fˆ
are vector fields on B1. Using the notation
f˜ Ij = i∗(fˆ Ij) and dθ˜j = i∗dθj it is then straightforward to show that
df˜ Ij = −pX˜
(I
fˆ
dθ˜j) (20)
where p is the degree of the polynomial fˆ . The theorem now follows from the following
lemma.
lemma 2 The Hamiltonian vector fields XI
fˆ
for all elements fˆ ∈ P˜ (b1) can be chosen so
that their restrictions to B1 are tangent to B1.
Proof
Coordinates on the subbundle B1 are (Q
i, Pj) = (q
i ◦ i, πˆ1j ◦ i). Hence it is clear that the
restrictions to B1 of the Hamiltonian vector fields Xqˆi1 =
∂
∂pi1
i
, Xpˆij =
∂
∂qj
and Xrˆ1 = 0 are
tangent to B1, and therefore the restrictions to B1 of all Hamiltonian vector fields for all
elements of b1 are tangent to B1.
Consider next an arbitrary monomial in P 2 of the form fˆ = qˆIm1m πˆJn rˆ1p , wherem+n+p ≥
2. A monomial of this form is an allowable n-symplectic observable (see Section 2) which
we express, using qˆi1 = q
irˆ1 and πˆk = π
j
k rˆj , in the form fˆ = f
Pα rˆα where α = m + n + p.
Then
fPα = fLmMpNn = qImδ
(Lm
1m
δ
Mp
1p
π
Nn)
Jn
(21)
The n-symplectic Hamiltonian vector fields for such a monomial have the form given in
equation (2). Explicitly we have
X
Pα−1
fˆ
=
1
(α− 1)!
∂fPα−1b
∂πba
∂
∂qa
−
(
1
α!
∂fPα−1a
∂qb
)
∂
∂πab
(22)
where we have the freedom to add vertical components of the form T
Pα−1a
b
∂
∂pia
b
where the
T
Pα−1a
b must satisfy T
(Pα−1a)
b = 0 but are otherwise arbitrary. Moreover the addition of
such terms does not affect Poisson brackets. It is clear that the non-vertical components
involving ∂
∂qa
restrict to vector fields tangent to B1, so we need only consider the vertical
components. Using the form for fPα−1a from equation (21) in the vertical components, and
expanding out the symmetrization on the indices LmMpNn in δ
(Lm
1m
δ
Mp
1p
π
Nn)
Jn
, one finds that
the summing index ”a” in the vertical components in (22) will fall on a term of the form
δa1 or π
a
j . In the case that the summing index ”a” falls on a term δ
a
1 , then carrying out the
sum on δa1
∂
∂pia
b
results in a basis vector of the form ∂
∂pi1
b
, which also restricts to a vector field
tangent to B1. Finally in the event that the summing index ”a” falls on a term of the form
πaj , then the corresponding vertical component will have the form(
∂qIm
∂qb
δ
Kl−1
1l−1
δLm1m π
Nn−1
Jn−1
δk1π
a
j
)
∂
∂πab
(23)
For each term of this kind we add a term of the form
T
Pα−1a
b
∂
∂πab
= −2
(
∂qIm
∂qb
δ
Kl−1
1l−1
δLm1m π
Nn−1
Jn−1
δ
[k
1 π
a]
j
)
∂
∂πab
(24)
which is explicitly anti-symmetric in the indices k and a, which implies T
(Pα−1a)
b = 0. The
net result is to interchange the indices k and a in equation (23), which in turn results in
another basis vector of the form ∂
∂pi1
b
when the sum on index ”a” is carried out. Hence all
terms in the Hamiltonian vector fields for the arbitrarily chosen monomial in P 2 can be
chosen so that their restrictions to B1 are tangent to B1. 
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On the n-symplectic manifold (B1, dθ˜
irˆi) we consider the basic algebra
b˜1 = spanR(Qˆ
i
1, Πˆj , rˆ1) (25)
where Qˆi1 = qˆ
i
1 ◦ i and Πˆj = πˆj ◦ i. Denoting by P˜ (b˜1) the n-symplectic algebra of all
polynomials formed from b˜1, we have the decomposition
P˜ (b˜1) = b˜1 + P˜
2 (26)
Quantize this polynomial algebra as we did above for P (b1) by defining Q(P˜
2) = 0 and
Q(Qˆi1) = Q
i (27)
Q(Πˆk) = −i~
∂
∂Qk
(28)
Q(rˆ1) = 1 (29)
Corollary 1 There is no Groenwold van Hove type obstruction for quantizing the 2n-
dimensional subbundle B1 of LR
n.
By Groenwold van Hove type obstruction we mean an obstruction to quantization that:
• arises as a consequence of the irreducibility condition and the Poission bracket goes
to commutator condition and
• requires a restriction of the quantization to a subalgebra of observables to correct.
6.1 Another Full Polynomial Quantization
Let Ai, i = 1 . . . n denote n real numbers. Another full quantization is given by the map
Q(P 3) = 0 and
Q(rˆ1) = 1 Q(qˆ
i
1πˆk) = A
iπ1k
Q(qˆi1) = q
i Q(πˆj πˆk) = π
1
jπ
1
k
Q(πˆk) = −i~
∂
∂qk
Q(πˆk rˆ1) = 0
Q(qˆi1qˆ
j
1) = A
iAj Q(rˆ1rˆ1) = 0
Q(qˆi1rˆ1) = 0
(30)
This quantization is tedious but easy to check. Notice that when restricted to the basic set
b1 this quantization is the same as the previous one. Thus the map Q satisfies the definition
of a quantization given in section 3.
7 Conclusion
To avoid the obstructions to quantizing the canonical symplectic manifold T ∗Rn something
must change: either Dirac’s “Poisson bracket → commutator” quantization rule or the
underlying setting of quantization, or both. In this paper we have shown that if one retains
the Dirac quantization rule but replaces symplectic geometry on T ∗Rn with n-symplectic
geometry on LRn, then one can define a full polynomial quantization. The motivation for
this change is that the symplectic geometry of polynomial observables on T ∗Rn is induced
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from the n-symplectic geometry of LRn. Hence, n-symplectic geometry is a natural choice of
a larger geometry in which to base quantization. The n-symplectic geometry of LRn allows
for the existence of ideals in the Poisson algebra of polynomials, and consequently allows
LRn to support full polynomial quantizations. These ideals are, however, absent in the
Poisson algebra of polynomial observables on T ∗M . The authors believe that the existence
of ideals in the Poisson algebra is a necessary and sufficient condition in order to be able to
define a full quantization. With that conjecture in mind it is important to notice that ideals
exist in the Poisson algebra of polynomial observables of LM for all M with dim(M)> 1.
It is known [3] that the bundle of linear frames LM of an n-dimensional manifold M
is an open dense submanifold of the Whitney sum of n copies of the tangent bundle. The
subbundles Bi discussed at the end of section 4 can therefore be thought of as the intersection
of LRn with the various components TRn of the n-fold Whitney sum. This is why the new
momentum coordinates Pi never vanish on the subbundle B1 - they represent linear frames,
and the vectors comprising a linear frame can never vanish identically, and not simply
collections of arbitrary vectors. Although the example quantizations discussed in section 6
were described in terms of B1, it is clear that any of the subbundles Bi could equally well
be used with appropriate modifications of the quantization map. We were able to define
full polynomial quantizations on these 2n-dimensional subbundles because the reduction of
the n-symplectic algebra retained an ideal structure, something that is not present in the
polynomial algebra defined by symplectic geometry on T ∗Rn.
There are many questions about n-symplectic quantization that still need to be answered.
Are there other possible polynomial quantizations that can be defined? In this paper we have
only considered the symmetric set of observables SHF . Are there other possible polynomial
quantizations that can be defined using the symmetric observables SHF? Can one quantize
the antisymmetric observables AHF? Can the n-symplectic analogues of other symplectic
manifolds that exhibit obstructions be quantized using n-symplectic quantization? The
authors hope to address these topics in future papers.
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8 APPENDIX
The following table displays the first few polynomial observables and their corresponding
Hamiltonian vector fields. When appropriate the n-symplectic gauge freedom has been used
on the vertical component as described in lemma (2) in section 6. In the table all lower case
latin indices run from 1 to n.
Table 1: Some polynomial observables and their Hamiltonian vector fields
# fˆ = fPα rˆα f
Pα Hamiltonian vector field(s)
1 fˆ = qˆi1 q
i Xqˆi1 = −
∂
∂pi1
i
2 fˆ = qˆi1rˆ1 q
iδa1δ
b
1 X
a
qˆi1 rˆ1
= − 12δ
a
1
∂
∂pi1
i
3 fˆ = πˆk π
j
k Xpik =
∂
∂qk
4 fˆ = πˆk rˆ1 δ
(a
1 π
b)
k X
a
pˆikrˆ1
= 12δ
a
1
∂
∂qk
5 fˆ = qˆi1qˆ
j
1 q
iqjδa1δ
b
1 X
a
qˆi1 qˆ
j
1
= − 12 (q
i ∂
∂pi1
j
+ qj ∂
∂pi1
i
)δa1
6 fˆ = πˆj πˆk π
(a
j π
b)
k X
a
pˆij pˆik
= 12 (π
a
i
∂
∂qj
+ πaj
∂
∂qi
)
7 fˆ = qˆi1πˆk q
iδ
(a
1 π
b)
k X
a
qˆi1pˆik
= 12q
iδa1
∂
∂qk
− 12π
a
k
∂
∂pi1
i
8 fˆ = qˆi1qˆ
j
1qˆ
k
1 q
iqjqkδa1δ
b
1δ
c
1 X
ab
qˆi1 qˆ
j
1 qˆ
k
1
= − 13! (q
iqk ∂
∂pi1
j
+ qjqk ∂
∂pi1
i
+ qiqj ∂
∂pi1
k
)δa1δ
b
1
9 fˆ = qˆi1qˆ
j
1πˆk q
iqjδ
(a
1 δ
b
1π
c)
k X
ab
qˆi1 qˆ
j
1pˆik
= 13!
(
qiqjδ
(a
1 δ
b)
1
∂
∂qk
− δ
(a
1 π
b)
k
(
qj ∂
∂pi1
i
+ qi ∂
∂pi1
j
))
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